The Number of Particles Released in 
Gauge Cosmic String Formation 
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We give a simple derivation of a new formal expression for the number of particles produced from a 
conformal scalar field vacuum due to the creation of a gauge cosmic string. We find that the number 
of particles released in string formation may be substantially lower than what previous estimates 
have indicated. Our derivation also indicates that there always exists at least one critical angle 
deficit less than 2ir, at which the particle production attains a maximum value. At the end we argue 
that additional (quantum) effects will occur in string formation. In particular, a new mechanism to 
produce small scale structure on strings is proposed. PACS nos.: 04-60 , 98.80.C 



Gauge cosmic string theory is of great interest for the 
understanding of both the origin, and the nature of the 
large scale structures observed in the universe. Interest 
in cosmic string physics has recently increased also in 
other branches of theoretical physics. In particular, the 
connection between gauge cosmic string physics, and the 
physics of black holes has been central to a number of re- 
cent remarkable advances in our general understanding 
of the role played by black holes in nature, on the charac- 
ter of black hole entropy, and the problem of information 
loss in systems containing black holes jj]|2] . 

This paper deals primerely with the response of the 
quantum vacuum due to the creation of a gauge cosmic 
string, but we will make contact with black hole physics 
in order to facilitate our investigation. We will in partic- 
ular derive both a quantitative estimate for the number 
of particles produced from the quantum vacuum during 
the formation of such a string, as well as to seek a qualita- 
tive physical understanding of the mechanisms involved 
in particle production in string formation. An extensive 
literature is already aviable on this important subject. 
In this brief communication we are able to contribute to 
this fascinating field by utilizing a new expression for the 
geometries outside a static, as well as a time-dependent, 
gauge cosmic string. These geometries have been given 
a detailed treatment elsewhere . They are briefly re- 
viewed below. We then derive a new expression for the 
number of produced particles from the quantum vacuum 
defined by a scalar field, which is conformally coupled 
to gravity, when a string is formed. We also relate our 
findings to a recent work on a black hole-string system 
in order to enhance our understanding, and extend 
the validity of our conclusions about particle production 
in string formation. At the end we argue that additional 
(quantum) effects will occur in string formation which 
have escaped the attention of previous works. 

String Induced Geometries: In order to deduce the 
geometric structure outside of a gauge cosmic string, we 
will assume that the string action can be approximated 
by the action for a relativistic bosonic string Q . For our 
purposes it is convenient to write this action as 
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h a p(T, a) is the world sheet metric, = X^(t, a) 
the target space coordinates (i.e. the coordinates de- 
scribing the position of the string in space time), g^ = 
g^v{X^) the target space geometry, and the pair r, a rep- 
resent the world-sheet coordinates. We will follow stan- 
dard practice and take r to represent the intrinsic time 
coordinate on the world sheet. The scalar fj,Q represents 
the constant energy density of the string as measured by a 
local observer, i.e. relative to a local viel bein "soldered" 
to the string. 

A fundamental assumption in open string theory is 
that no point on the string is different from any other 
except for the end points of the string. This implies in 
particular that the world sheet geometry can be made in- 
variant under "boost" transformations. Hence, we may 
write h a p = Ariap, where n a p is the two dimensional 
Minkowski metric, and A is an arbitrary scalar function 
of the world sheet coordinates, and possibly the constant 
factor fig. We will be concerned with a straight, infinitely 
long, and to begin with, a time independent string. This 
means in particular that it is natural to orient the string 
in such a way that r coincides with the target space time 
coordinate t, and a with the spatial target space coordi- 
nate along the string z. In this picture it is furthermore 
natural to assume that h a p is the geometry induced on 
the world sheet by the space time metric g^ v . To conform 
with the picture of an infinitely long and straight string, 
we demand manifest Poincare' invariance on the world 
sheet, which further restricts A to equal a coordinate in- 
dependent function Ao = Ao(jUo). We may now formally 
use the conformal invariance of the string action in order 
to bring it to a standard form. Since h a p = K^rjap we 
have h = — Ag, h a P — A ~ 1 ?7 a ' 3 , which means that the ac- 
tion can be written as S = -Jf f d 2 crn a P 'g^d a X^d X v . 
However, even though it seems from this last "exercise" 
that Ao always can be transformed away, this is true 
modulus some key assumptions. One must in particular 
assume that this factor is non singular in order to have a 
well defined transformation. In our approach we will see 
that this is not always the case. 
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From the action S we can deduce the energy momen- 
tum tensor for a relativistic string. In the limit when the 
core radius of the string is set equal to zero, it can be 
shown |l]J| that the resulting induced geometry outside 
a static string is given by 



ds z 
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(-dt 2 + dr 2 +dz 2 + r 2 (l- 4no) 2 d<j) 2 ) (2) 
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Here we have defined D 2 , = (1 — 4/io) for later conve- 
nience. When we employ the globally defined (f, r,z,(j)) 
coordinate system, it follows that we may identify Dq 
with Ao, i.e. we may set A = Dq 2 . Note that A be- 
comes singular in the limit /j,q — > j . Previous derivations 
of the geometry outside a string have failed to recog- 
nize the presence of the "conformal" factor Dq 2 in the 
exterior string geometry. The presence of this "confor- 
mal" factor is vital for a proper understanding of the 
nature of the gravitational field outside a string [Q|3) . It 
will also be of significant importance when we consider 
quantum processes outside such a string during its for- 
mation. Eq.(2) can be brought to the standard form for 
the string induced geometry by the coordinate transfor- 
mation t — > D t 7 r — ► D r, z — ► D z provided that /i is 
a constant factor and /io < 4. Hence, in the static situa- 
tion the "conformal" factor will not give rise to any new 
physical effects. Previous calculations of the energy pro- 
duction due to the creation of a string employed the G M „ 
geometry with /io - * A 4 — as an approximate descrip- 
tion of the real string formation process. It is clear that 
g^ v cannot be transformed into G M „ when /to — ► /x = /i(i) 
neither with the help of the coordinate transformation 
above nor with the help of any other such transforma- 
tion. In the time dependent situation the "conformal" 
factor will thus be a "true" conformal factor (when we 
assume that /io < j) and not "merely" a factor which 
can be transformed away with the help of a coordinate 
transformation. Hence, new quantum effects will in gen- 
eral be expected to appear in the string creation process 
when eq.(2) is used as the background geometry with 
/io — ► A* = when compared with previous such stud- 
ies which employ the G M „ geometry. 

As an aside it is of some interest to ask whether it is 
possible to demonstrate that the geometry eq.(2) can be 
reached from, say, Minkowski space time. In || this was 
partially achieved when the metric ansatz was taken on 
the form ds 2 = e 2 * '(-dt 2 + dr 2 + dz 2 + A 2 e~ 4 * 'dcf 2 ). Here 
it is assumed that both '5 and A only depend on the 
time like and radial coordinates. Einstein's field equa- 
tions without any other sources than a straight (singular) 
string can be partially integrated in a straight forward 
fashion. One note worthy solution for ^> is on the form 
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(t > , r > 0) where C\ is an 



integration constant. For sufficiently large times we have 
; 2t e~ 2r , i.e. \gtt\ is a monotonically increasing 
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function of time R. This behavior is in correspondence 
with the form of the geometry eq.(2), since \gtt\ > 1 for 
a static string. However, e 2 * seems to grow with no up- 
per bound. This is a signal that our model probably is 
to simple, and that a more realistic model should also 
take into account the underlying field theoretical model 
in which the string actually lives. This will probably in- 
duce a non vanishing component in the energy mo- 
mentum tensor of the more complete system. This may 
modify the time evolution of the string geometry in this 
regime. However, we believe that we have grasped some 
of the qualitative behavior of this field, and that we have 
shown "beyond reasonable doubt" that the metric out- 
side a static string can be taken on the form of eq.(2), 
whenever the action S is a good approximation to the 
full string effective action. 

Particle production in string formation : To ob- 
tain an expression for the number of particles produced 
from the quantum vacuum due to the creation of a gauge 
cosmic string, we will follow the possibly simplest ap- 
proach, the so called sudden approximation || . Although 
this approach has been criticized for not, in some sense, 
being "analytical" , i.e. it relies necessarily on non dif- 
ferentiable mode solutions, it is in general believed to 
give the correct order of magnitude for the number of 
produced particles |^|]. In the sudden approximation we 
assume space time to be flat Minkowski space for t < t\ , 
while the space time geometry is given by eq.(2) when 
t > t\ for some appropriately chosen global time t = £i, 
i.e. we follow previous studies and write /i(t) = fio6(t—ti) 
where 9 is the step function. Previous estimates for the 
number of particles released during the formation of a 
string, are based on the geometry G M „. Our strategy 
is to establish a formal relation between the number of 
particles produced \Pa\ 2 relative to G MI/ , and the corre- 
sponding expression \/3 g \ 2 relative to g^ v . 

We will first concentrate on the simplest (in our case) 
scalar field configuration, namely that of a conformally 
coupled and mass less scalar field, with the action 
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The reason for choosing this action is that the associated 
equation of motion for $ is "invariant" under space time 
conformal transformations. We will focus on the confor- 
mal relation g M „ = -Dq~ 2 G m „ = f2 2 G M „ given in eq.(3). 
Since the scalar field is assumed to be conformally cou- 
pled to gravity, the equations of motion of the scalar field 
<fr g , relative to g^ Ul and the corresponding equation for 
the scalar field relative to G M „ are related by 



'Interestingly, a similar de Sitter like behavior was also found 
in a r ecent numerical study of the creation of a global cosmic 
string \gr-qc/9606dol 
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where the following relation between the fields holds 
$ g = f^ _1 $G @- The operator □ is the d'Alembertian 
relative to the geometry indicated. We second quantize 
the scalar field &q in the asymptotic past such that this 
field is promoted to an operator which we expand as 
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in terms of a complete set of solutions of the equa- 

tion of motion, n indicates the collection of quantum 
numbers needed to characterize these solutions. Like- 
wise, in the asymptotic future we expand the fields in 
terms of a complete set of mode solutions } and 

operators a G „ . Relative to the in set of operators we 

may define a natural vacuum state by a^jO; G, in) =0, 
while we relative to the out set in general will get another 
vacuum by aj? n |0; G, out) = 0. The vacua are different in 
the sense that |0; G, out) in general will be a mixed state 
when expressed in terms of the Hilbert space defined by 
the in vacuum state. This mixing can be expressed by 
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where otGmn and 0Gmn are known coefficients. On the 
assumption that the field is in the vacuum state in the 
asymptotic past, the total number of particles produced 
during the formation of a string can formally be written 
as 
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where N™± 



®Gn®Gn'^- ^ complete set of mode func- 
tions in the in region is in a rather self explanatory form 
given by (with a slight abuse of notation) 



$ m = 

^ Gn 



e* fc - V m *J H (Cr), (9) 



where m is an integer, with respect to the canonical inner 
product ( , )g defined by 



(10) 



The integral is in general taken over some appropriately 
defined Cauchy hyper surface S. £g denotes the Lie 

derivative in some time like direction. We will choose £ to 
coincide with the canonical time direction in Minkowski 
space time. Hence, this derivative defines our usual no- 
tion of positive and negative frequencies. Even though 
we will assume a singular string source, we will work as if 



space time is globally hyperbolic, such that this product 
always makes sense, and is thus conserved along time like 
trajectories. The corresponding set of modes in the out 
region is 
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where a 1 = (1 — 4//o)- It has been shown in a large body 
of previous work, that the two sets can be connected in 
a non trivial way such that u; on ^ , fc ou ^ in general will 
be non trivial and analytical functions of w m , k m . This 
leads to the well known result that particles, as this con- 
cept is defined relative to |0;G,in), are present in the 
canonical out vacuum state |0; G, out), i.e. \(3g\ 2 0- 

How is this picture changed when we consider this dis- 
cussion using the g M „ geometry ? In the asymptotic past, 
space time is flat Minkowski space time, and we may 
therefore identify $™ = a 1 ^ = a^, and hence set 

|0;<?,in) = |0;G, in). Since we are dealing with a scalar 
field which is conformally coupled to gravity we know 
that <&° ut = ri _1 $Q Ut . The new vacuum state which 
arise when this relation is put into a similar operator re- 
lation is a so called conformal vacuum state §. When 
this last relation is applied to eq.(7) we find 
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Hence we have that 



t gmn 



= Q- 
vout _ 
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n -1 /3GW It follows that jV°™, = n- a JVg^„ We are 
then lead to the following expression for the total number 
of produced particles relative to the conformally related 
geometry in the sudden approximation 



\p g | 2 = fr 2 |/? G | 2 = (i-4/x )|/? G | 2 
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We may view this expression for the production of par- 
ticles in the conformally related geometry as being com- 
posed out of two contributions. One contribution comes 
from the existence of the angle deficit that the string cuts 
out, and which is coded in |/?g| 2 - The other contribution 
stem from the conformal factor which makes up the rest 
of the expression for \(3 g \ 2 . How is this part of the ex- 
pression to be understood ? 

The origin of \(3g\ 2 can be seen as due to the pres- 
ence of a "Casimir" like energy in the vacuum in the 
G geometry. Since a string cuts out an angle deficit, a 
negative energy density is induced in the quantum vac- 
uum defined by the operator <5 G = $g($ g ^). Due to 
overall energy conservation, positive energy must have 
been removed from the initial Minkowski vacuum. This 
positive energy is realized as real particles, and is re- 
flected in a non vanishing |/?g| 2 - The conformal factor 
in eq.(2) "stretches" all proper lengths, i.e. the volume 
defined to be inside a box with the walls at fixed coor- 
dinate positions in the G geometry, is expanded. When 
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it comes to vacuum fluctuations this implies a red shift 
effect. Hence, due to this effect the "Casimir" energy 
will be smaller in absolute value than the corresponding 
energy computed without the conformal factor present. 
This can be seen by a direct computation of the energy 
momentum tensor of the scalar field. Using the point 
splitting method , the central function from which this 
tensor is computed is the two point correlation function 
G(x,x'). In general we will have Gq{x, x') — > G g (x,x') = 
il" 1 (x)G G (x,x')n- 1 {x') = {1-Ahq)G g {x,x'). This im- 
plies a similar relation between the corresponding energy 
momentum tensors. This verifies our qualitative picture. 
This simple picture can be further substantiated with a 
comparison with the black hole-string composite system 
which was studied in Q. There it was shown that the 
Hawking temperature T was lower for a black hole with 
a string through it, than the temperature of the corre- 
sponding black hole without a string. Since we have been 
studying the production of mass less scalar particles we 
may approximate the relation between the mean number 
of particles N produced by the black hole, and its tem- 
perature T, by N ~ T 3 . This relation holds exactly for 
a photon gas in flat space. Our present analysis is in line 
with this relation, since a lower temperature is correlated 
with a decrease of the mean number of particles. 

This connection to black hole physics seems to imply 
that the "stretching" effect has the tendency to lower the 
production of particles in any particle creating process. 
Since the black hole temperature is universal in the sense 
that all particle species will be radiated away by the black 
hole at the same temperature, it is to be expected that the 
reduced production estimate we have derived is probably 
not particular to just the conformal scalar field sector. 
We expect that the production estimates for all particle 
species in the process of string formation from flat space, 
will be lower compared to previous calculations. In cos- 
mic string formation a picture of two competing processes 
emerges. The appearance of a conic angle deficit leads to 
particle production, while the conformal factor has the 
tendency to lower the production compared with the sit- 
uation when this factor is not present. For small fiQ we 
expect that \Pg\ 2 ~ f-o HI)- Hence, in this regime |/3 S | 2 
is a growing function of /j,q. However, |/3 9 | 2 can be made, 
at least formally, as close to zero as one wishes by letting 
/io — > j- It follows that this function must have at least 
one maximum point between [j,q = and (iq = j. Hence, 
for sufficiently large values of /iq the "stretch" effect will 
dominate, such that a further increase of the value in this 
parameter does not lead to an increased particle produc- 
tion. However, our study does not indicate whether the 
maximum point is located at relatively low energies or at 
higher energies (i.e. no ~ k). The location of this point 
may also depend on the particular quantum system under 
consideration. It is therefore difficult to derive an explicit 
numerical estimate for the energy production from string 
formation, but is clear from our considerations that the 
deviation from earlier studies may be substantial. How- 



ever, due to the general complexity of the equations of 
motion for fields living in the time dependent "version" 
of eq.(2) when the time evolution of the string mass pa- 
rameter is taken to be other than the step function, such 
estimates can probably only be obtained by numerical 
means. 

We have not exhausted all possibilities for interesting 
quantum effects during the formation of a cosmic string. 
It is tempting to take the analogy with the de Sitter 
space, which we noted earlier, seriously. In that space 
particle horizons exist, which are closely related to event 
horizons also on the quantum level. That a horizon struc- 
ture in fact is present in our case is easy to see since the 
proper linear velocity of any fixed point (relative to the 
(t, r, z,(f>) coordinates) on the string, or in the radial di- 
rection, relative to any other fixed point on the string is 
given by v = HD. The "Hubble factor" H is given by 
H = Q~ 3 n, and D is the proper distance between the 
points. Clearly an horizon is present when v = 1, i.e. at 
D = H^ 1 . Due to this horizon structure particles will 
be expected to be produced in addition to those already 
considered above. The same fluctuations which produce 
these particles are also expected (in analogy with de Sit- 
ter space) to back react on the string, and thus give rise 
to strings which are no longer straight ||. This might 
represent a viable mechanism to produce strings which 
can fit the description of "wiggly" strings Q], i.e. strings 
with small scale structure. These possible new effects 
are missed in this work due to the nature of the sudden 
approximation. It would be very interesting, although 
probably very difficult due to a time and position depen- 
dent "Hubble factor" , to examine these questions further 
in greater detail. 
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